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method to solve for the dynamic interaction of a Shinkansen
train (high-speed train in Japan) and railway structure
including derailment behavior during an earthquake is given.
The motion of the train is modeled in multibody
dynamics with nonlinear springs and dampers to connect all
the components. Efficient mechanical models to express
contact-impact behaviors between wheel and rail before
derailment and between wheel and the track structure after
derailment are given to solve the interaction between wheel
and track structure effectively. Rail and track elements have
been developed based on multibody dynamics and finite
element method combined to solve the interaction between
wheel and long railway components effectively.
The motion of railway structure is modeled with various
finite elements such as truss, beam, shell, solid, and
nonlinear spring and damper elements, and also with rail
and track elements. The nonlinear dynamic response during
an earthquake is obtained by solving equations of motions
of the train and railway structure subjected to interactions
between wheel and the track structure including derailment
behavior. A modal reduction to the equations of motions is
made to solve the large-scale problems effectively. The
response calculation for the nonlinear equations of the train
and railway structure during an earthquake requires very
small time increments due to the high-frequency impact
behavior between wheel and railway structure. An exact
time integration scheme has been developed that is stable
without a round-off error for very small time increments
needed to solve the radical interaction between wheel and
railway structure during an earthquake.
Based on the present method a computer program,
DIASTARS, has been developed for the simulation of a
Shinkansen train running at high speed on the railway
structure including derailment during an earthquake.
Numerical examples are demonstrated.

Abstract – An efficient computational method to solve for
the dynamic interaction between a high-speed train and the
railway structure including derailment during an
earthquake is given. The motion of the train is expressed in
multibody dynamics. Efficient mechanical models to express
contact-impact behaviors between wheel and the track
structure including derailment during an earthquake are
given. Rail and track elements with multibody dynamics and
FEM combined are described. The motion of a railway
structure is modelled with various finite elements and also
with rail and track elements. A modal reduction is applied
to solve the problem effectively. An exact time integration
scheme has been developed that is free from a round-off
error for very small time increments needed to solve the
interaction between wheel and railway structure including
derailment during an earthquake. Numerical examples are
demonstrated.
Keywords - Dynamic interaction between a high-speed train
and railway structure, Multibody dynamics, FEM,
Derailment, Earthquake
,. INTRODUCTION
There is a very complicated dynamic interaction between
a high-speed train and railway structure during an
earthquake. The interaction between the train and railway
structure during a strong earthquake creates a radical
dynamic behaviors such as the huge impact of wheel on the
rail, lifting of wheel, derailing, touching down and the
impact on the track surface which leads to the highfrequency response higher than 1 k Hz mixed with the lowfrequency motion of railway structure and train, that is so
called a multiscale phenomenon of the frequency. It is very
important to study the dynamic interaction between the train
and railway structure including derailment behavior during
an earthquake to build an earthquake-safe railway system.
Computational methods to solve for the dynamic
interaction of a high-speed train and railway structure have
been developed based on mutibody dynamics together with
finite element method by many authors, and various
mechanical models for the car, the railway structure and the
interaction have been given depending on dynamic
behaviors of interests and purposes to design railway
systems [1-3]. However, very little work related to
derailment and post-dearilment behaviors of a whole highspeed train on the railway structure during an earthquake
has been reported so far.
In this paper, a simple and efficient computational

,,. MECHANICAL MODEL 2) $ SHINKANSEN TRAIN
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Fig. 1 Mechanical model of a Shinkansen train

A Shinkansen train is modeled with rigid components of
car body, truck and wheel-set connected by nonlinear
springs and dampers as shown in Fig. 1. Assuming that the
train runs at a constant speed, the equation of 3D motion of
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the train connected with n cars is derived with 31n degrees
of freedom and written in a familiar matrix form as [4]
 v  D v X
 v  KvX v  Fv
M vX

contact mode in the vertical direction described above.
In the tangential and longitudinal directions on the
contact surface between wheel and rail, constitutive
equations to describe the relationship between creep forces
and slipping rates of wheel are given [5]. The creep force in
the tangential direction Qc and yaw moment Tc due to the
creep force in the longitudinal direction on the contact
surface between wheel and rail are described
mathematically here as functions of slipping rates of wheel
in the longitudinal and tangential directions, Sx and St , and
also of the spin rate around the normal vector on the contact
surface, Sn, as [6]

(1)

where Xv and Fv are displacement and load vectors of the
train, and Mv, Dv and Kv are the mass, damping, and
stiffness matrices, respectively.
,,,. INTERACTION BETWEEN WHEEL $1' TRACK
$Contact between Wheel and Rail before Derailment:
Assuming that the yawing and rolling of wheel-set are
relatively small for the contact behavior between wheel and
rail considered here, two dimensional geometries of the
cross sections of wheel and rail are considered, and the
contact-impact behavior in the normal direction on the
contact surface between wheel and rail is modeled simply in
two modes of the contact in the vertical and transverse
directions as shown in Fig. 2.

Qc = Qc (Sx , St , Sn)

(5)

Tc = Tc ( Sx )

(6)

When a wheel lifts on rail, there is no impact and creep
forces created between the wheel and the rail.
%Derailment Criterion: When the relative displacement
between wheel and rail in the transverse direction, d y ,
exceeds derailment criterions ud1 or ud2, it is detected that the
derailment in the field side or gauge side is initiated,
respectively as shown in Fig. 3 that leads to post-derailment
behaviors of the wheel on the track structure. Once
derailment of a wheel occurs, it is assumed here that the
wheel never returns to running on the rail. After derailment
of wheel from rail during an earthquake the wheel touches
down on the track structure and there is the interaction
between wheel and the track structure.

(a) Vertical direction
(b) Transverse direction
Fig. 2 Contact modes between wheel and rail

Assuming that wheel and rail are stiff enough, regarding
the vertical mode of the contact the contact displacement
between wheel and rail in the vertical direction,  Z , is
expressed as a function of displacements of the rail zR and
the wheel zw in the vertical direction and also the relative
displacement on the contact surface between wheel and rail
in the transverse direction d y as follows

 Z   Z ( zR , zW , d y )

d y  ud1

(2)

(a) Field-side derailment
(b) Gauge-side derailment
Fig. 3 Derailment criterion of left wheel

The contact displacement  in the normal direction on
the contact surface between wheel and rail is obtained by
using the contact angle at the contact position. When wheel
contacts on rail, there is a contact force created on the
contact surface. The contact force on the contact surface
between wheel and rail in the normal direction, H, is
expressed as a function of  and d y

H  H ( , d y )

dy  ud 2

&Contact between Wheel and Track Structure in the
Vertical Direction after Derailment: After touching down of
a wheel on the track structure, the relative displacement
between the wheel and the track structure in the vertical
direction,  TZ , after derailment is obtained as a function of
displacements of the track structure zT and the wheel flange
z F in the vertical direction depending on the geometries of
the wheel, rail and track surface (Fig. 4) as

(3)

 TZ   TZ ( zT , z F )

Regarding the transverse mode of the contact between
wheel and rail, the contact displacement in the transverse
direction  y is expressed as a function of d y and

(7)

 Z depending on the geometry of the cross sections of
wheel and rail as

 y   y (d y ,  Z )

(4)
δTZ

When a wheel contacts on rail in the transverse direction,
the contact force is also obtained in the same manner as the

Track structure

Fig. 4 Vertical relative displacement between wheel and track structure δTZ
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When a wheel touches down on the track surface, the
impact force of the wheel on the track structure on the
contact surface, QTZ , is given here as a function of  TZ
depending on material properties of the contact between the
wheel and the track structure as

Q TZ  Q TZ ( TZ )

damper elements, and also with rail and track elements for
long railway components depending on the mechanical
behavior. Assembling all elements in the model, the whole
equation of motion of a railway structure is written in a
familiar matrix form as

 b  D b X
 b  KbX b  Fb
M bX

(8)
b

9. NUMERICAL METHOD
$Modal Reduction: A modal transformation is applied to
displacement vectors of the train and the railway structure to
solve for the large-scale problems during an earthquake
effectively as

(9)

X v   vZ v
X b   bZ b

Embedded area
AGy

If the guard has an enough height and strength for the
impact force between wheel and guard, the wheel is guided
well between left and right guards along the rail even after
the derailment preventing wheel deviating from the track
during an earthquake.

~
~
ZV  CV Z V  [(iV )2 ]ZV  FV
~
~
Z B  C B Z B  [( iB ) 2 ]Z B  F B

,9. MECHANICAL MODEL 2) RAILWAY STRUCTURE 
$Rail and Track Elements: Long railway components in
the rail direction such as rail and track are considered to
move as rigid bodies of the motion in plane of the crosssection. Rail and track elements have been developed to
solve contact-impact behaviors between wheel and rail in
the pre-derailment and between wheel and the track
structure in the post-derailment effectively for the actual
railway structure. Fig. 6 shows rail and track elements
where motions in plane of cross-sections are expressed by
multibody dynamics (MD) and motions in out-of-plane are
expressed by beam elements given along the rail direction.
The elements mixed with MD and FEM are very effective to
solve contact-impact problems between wheel and track
structure including derailment with a small numbers of
DOFs.

(a) Rail element

(11)
(12)

where  v and  b are rectangular matrices made of the
mode vectors of the train and railway structure, and Z v and
Z b are the modal coordinates, respectively. Moving
nonlinear terms in (1) and (10) to the right sides, and
operating the modal transformation by  v and  b
respectively, equations of motions of the train and the
railway structure are derived in the modal coordinates as

Fig. 5 Contact-impact between wheel and guard on the track structure in
the transverse direction

Nodes

(10)

where X and F are the displacement and load vectors, and
Mb, Db, and Kb are the mass, damping and stiffness matrices
of the railway structure, respectively. However, note that Fb
includes all nonlinear forces, and is a nonlinear function of
X b , X b , X v and X v .

'Contact between Wheel and Guard after Derailment:
Guards are attached on the track structure to prevent wheel
deviating from the track after derailment during an
earthquake to build an earthquake-safe railway system as
shown in Fig. 5. After the derailment of a wheel during an
earthquake, it contacts and impacts on the guard of the
track structure in the transverse direction. The contact force
QGy is obtained here as a function of the embedded area
between the wheel and the guard in the transverse direction
as shown in Fig. 5, AGy , as
QGy = QGy (AGy )



b

where

(13)
(14)

iV and iB are angular frequencies of i-th mode in

the train and railway structure, respectively, and [(iV ) 2 ]
denote a diagonal matrix with i-th diagonal element of

(iV ) 2 . However

~
C V  ( V ) T C V  V
~
C B  ( B )T C B  B

~
F V  (V )T F V

~
F B  ( B )T F B

(15)
(16)
(17)
(18)

where the superscript T denotes the transpose of a matrix.
Note that the nonlinear terms for the train and railway
structure are included in F V in (17) and F B in (18),
respectively.
%Exact Time Integration: Equations of motions of the train
and the structure are solved in the modal coordinates for
each time increment by the exact time integration scheme by
approximating the right side terms with linear functions and
applying the exact time integration for each small time
increment as the numerical time integration may cause a
round-off error for very small time increments needed to
solve the radical dynamic interaction including derailment
during an earthquake. However, since the equations are

Nodes
(b) Track element

Fig. 6 Rail and track elements 

%Equation of Motion of a Railway Structure: A railway
structure is modeled with various finite elements such as
truss, beam, shell, solid, mass, and nonlinear spring and
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strongly nonlinear, iterative calculations are needed during
each time increment until the unbalanced force between the
train and railway structure becomes small enough within a
tolerance specified.
Based on the present method, a computer program
DIASTARS has been developed for the simulation of a
Shinkansen train at high speed on the railway structure
including derailment during an earthquake.

wave L1 used in the Japanese design standard for railway
structure with the maximum acceleration of 1.95 m/sec2 was
given at bases of all piers of the bridge in the transverse
direction. The rail and the steel box girder were modelled
with beam elements. All piers were modelled with nonlinear
spring elements, where a trilinear elastic-plastic material
model with a kinematic hardening is employed. It has a
large-scale model of 5,744 elements and 24,716 DOFs
including that of the train connected with 8 cars. Fig. 10
shows the transverse acceleration response of the pier P3 at
the top and track positions. The maximum acceleration of
the track at P3 is shown to be about 6 m/sec2. Fig. 11 shows
transverse and roll accelerations of the car body at the 1st
car. The maximum transverse acceleration is shown to be
about 7 m/sec2 during the earthquake. The maximum lifting
height of wheel was about 25mm at the 6th car, however
there was no derailment detected of all wheels during the
earthquake.

9,. NUMERICAL EXAMPLES
$One Dimensional Nonlinear Dynamic Problem: The
exact time integration scheme mentioned in the previous
section is applied to one dimensional nonlinear dynamic
problem with a contact element attached as shown in Fig. 7,
where  is the natural frequency, g the gravity force of a
unit mass, h is a damping constant and H is the impact force
in the contact element with the initial gap G and the contact
stiffness K.
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Fig. 9 A Shinkansen train with 8 cars running at a speed of 260km/h on a
four-spanned bridge during an earthquake

Fig. 7 One dimensional nonlinear dynamic problem
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Fig. 8 Displacement response by the exact time integration

For the problem of   2 /10 rad/sec, h=0.1, K  510 N/m,
G=0.03m and g=9.8N, the response was obtained by the
exact time integration. Fig. 8 shows the displacement
response for very small time increments of t  10 6 and
10 8 for the case with H (contact force) and also for the case
without H. For the very small time increments, the exact
time integration gives the exact solution. On the other hand,
the numerical time integration by Newmark method failed
due to the round-off error for both cases with H and without
H for very small time increments of both t  10 6 and
10 8 .
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%Simulation of a Shinkansen Train Running on a FourSpanned Bridge During an Earthquake: Fig. 9 shows a fourspanned steel-concrete hybrid bridge as long as 320m which
Fig. 11 Transverse and roll accelerations of the car body at the 1st car
is made of steel box girders and the concrete slab. The
simulation of a Shinkansen train with 8 cars connected
C. Simulation of a Shinkansen Car Running on the Viaduct
running at a speed of 260km/h on the bridge during an
with Guards Attached during an Earthquake: The
earthquake has been conducted. An artificial earthquake
simulation of a Shinkansen car running at a speed of 275
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km/h on the ladder track with guards attached on the three
spanned viaduct with the height of 10m, the span-length of
8m and the width of 11.6m during an earthquake as shown
in Fig. 12 has been conducted. The ladder track is a new
type of the track, where ladder-shaped composite concrete
beams to support rails are tied with steel pipes and guards
are attached to prevent wheel deviating from the track even
after derailment during a strong earthquake [7].

Fig. 14 shows the vertical displacement response of the
right wheel at the 1st wheel-set. It is shown that the wheel
runs onto the rail about 2cm in height, derails, touches down
on the track, and lifts on the track several times during the
earthquake. Fig. 15 shows the relative displacement
response between right wheel and rail in the transverse
direction,  y , at the 1st wheel-set. When  y exceeds ud1
(7cm), the derailment to the field side is initiated, the wheel
touches down on the ladder track, impact on the guard of
the track in the transverse direction, rebounds and gets back
to the rail, and moves between the rail and the guard without
deviating from the track. The track with the guards attached
was shown to be effective to prevent the wheel deviating
from the track after derailment during the seismic wave.

V=275km/h

Guard

9,,. CONCLUSIONS

Seismic wave

A simple and efficient computational method to solve the
combined dynamic response of a high-speed train and
railway structure including derailment during an earthquake
was given. Efficient mechanical models to solve contactimpact behaviors between wheel and the track structure
including derailment were given. Modal reduction was
applied to equations of motions of train and railway
structures to solve for the large-scale problems effectively.
The exact time integration scheme has been developed to
avoid numerical error for very small time increments needed
to solve the radical dynamic interaction between wheel and
track structure during an earthquake. Some examples
including derailment during an earthquake were
demonstrated. The computational method developed here
would be effective to design an earthquake-safe railway
system.

Fig. 12 A Shinkansen car on the ladder track with guard

20cm

Guard

20cm
Fig. 13 Cross section of the ladder track with guard attached
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Fig. 14 Vertical displacement of the right wheel of the 1st wheel-set
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Fig. 15 Relative displacement between the right wheel and rail in
the transverse direction

A sinusoidal seismic wave with the maximum acceleration
of 3.8 m/sec2, the wave number of five, and the frequency of
1Hz was given from the base in the transverse direction.
The frame structure of the viaduct is modeled with beam
elements, and the concrete slab with shell elements. The rail
and the track with guards attached on the concrete slab was
modeled with rail and track elements, respectively.
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