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Abstract
An analytical model is developed to investigate the
heat transfer in the fusion zone during electron-beam
welding. The keyhole produced by an electron-beam is
assumed to be a paraboloid of revolution and the profile
of the intensity of an electron beam is supposed to be
Gaussian distribution. In order to obtain an analytical
solution, the parabolic coordinate system is utilized to
analyze the heat transfer in the workpiece and the
parameter approximating convection is proposed to
account for the effect of heat convection of molten
metal. Considering the momentum balance at the
bottom of the keyhole but neglecting the absorption in
the plume, an analytical solution of a quasi-steady-state
heat conduction equation is obtained for a semi-infinite
workpiece. The beam power per unit of penetration
versus solid Peclet number predicted by this work
agrees with the experimental data for welding
workpiece of SS 304.The effects of Peclet number,
parameter approximating convection and beam power
on the temperature distribution are also discussed in this
study.
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1. Introduction
Heat transfer analysis is of crucial importance in
materials manufacturing and processing [1-2]. This is
also due to the availability of new materials and to the
use of innovative processes employing laser and
electron beam. These high power beams are now widely
used in many applications, such as welding, drilling,
cutting, heat treating of metals and manufacturing of
electronic components. It is, therefore, necessary to
study the conductive thermal fields induced in the solid
by a moving heat source.
Most theoretical studies made reference to the
infinite or semi-infinite body. One of the first analytical
solutions was derived by Jaeger [3] for the temperature
distribution in a semi-infinite solid with a surface
rectangular moving heat source. Rosenthal [4]
developed the theory for the moving heat source and
presented the exact solutions for differently shaped
moving spots on both semi-infinite and finite bodies.
The same solutions for a semi-infinite solid were
obtained by Carslaw and Jaeger [5] by using the heat
source method.
As far as a Gaussian distribution of the laser and
electron beam heat flux is assumed, solutions to the
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temperature field induced in semi-infinite solids by a
moving circular Gaussian heat source have been derived
by several authors. Cline and Anthony [6] correlated the
cooling rate and the melting depth to the size, the
velocity and the power of the spot. Chen and Lee [7]
took into account the effects of the scanning velocity,
the beam radius and the beam shape on the temperature
profiles. Sanders [8] presented a general solution and
found the conditions under which the solution as a
function of its normalized velocity can be used; the
author extended analysis to a moving Gaussian pulsed
heat source. The same problem was analyzed by Modest
and Abakians [9]. Nissim et al. [10] presented an
analytical solution for a moving elliptical Gaussian heat
source, which accounted for the temperature
dependence of thermal conductivity. Their model was
generalized by a numerical algorithm set up by Moody
and Hendel [11].
When the order of magnitude of penetration depth
is the same as that of the body thickness, the solid can
no longer be assumed as semi-infinite one. Pittaway [12]
solved the temperature distribution in an adiabatic thin
plate with either stationary or moving circular Gaussian
heat source. For the same heat sources Lolov [13]
derived the solution to the three dimentional linear
problem in a finite depth and indefinite width adiabatic
body, where Tsai and Hou [14] analyzed, for a solid
whose dimension along the direction perpendicular to
that of the motion was finite, the thermal
characterization of the welding both at steady-state and
transient conditions. The same problem was solved by
Kar and Mazumder [15]; their model allowed the
determination of the transient three-dimensional
temperature
distribution
in
a
solid
whose
thermophysical properties, except the thermal
diffusivity, were assumed to be time dependent. Manca
[16] developed an analytical solution to the
three-dimensional quasi-stationary problem in a finite
depth and width with a circular Gaussian moving heat
source at the body surface.
The line-source model in its pristine form has
certain defects. These are: (1) infinite temperatures
occurred near the sources; (2) the distribution of
incident flux was not taken into account. Wei et al.
[17,18] found that the distribution of incident fluxes is
an important factor affecting the depth of penetration; (3)
vertical heat transport was neglected; (4) momentum
balance was not taken into account. In order to avoid
weaknesses of the line-source model, Wei and Shian [19]
proposed a three-dimensional analytical model around
the cavity produced by a moving distributed
high-intensity beam, which considered the momentum
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balance at the cavity base and did not result in infinite
temperature. On the basis of the model proposed by Wei
and Shian, this work provided an analytical solution
accounting for the effect of beam parameters on the
temperature field.

2. Analysis

yˆ 2 ξη sin φ
=
Pe
σˆ
ˆz (ξ − η )
z= =
σˆ Pe S
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2.1 Governing equation
A workpiece is moved with a constant speed
relative to the electron beam, as sketched in figure 1. As
the base material reaches the energy beam location, it is
melted and flows in a thin layer around a
vapour-supported cavity to the rear where it cools and
solidifies.
A heat conduction equation is utilized to describe
this quasi-steady-state process.
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where Peclet number and the parameter approximating
convection, respectively, are defined as Pe ≡ Uˆσˆ / αˆ
and S ≡ αˆ / αˆ . Uˆ , σˆ , α̂ , and α̂ correspondingly
z

z

denote the dimensional workpeice speed, energy
distribution parameter, liquid diffusivity, and enhanced
diffusivity in vertical direction. ξ and η are the
parabolic coordinates. The dimensionless form of
equation (1) expressed in parabolic coordinate system is
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Thermal diffusivity is not isotropic in order to
account for the convection. Since the flow of liquid
enhances energy transport, the diffusivity in the flow
direction is increased by a constant multiple of around
five [23,24]. Therefore, the parameter approximating
convection, S , is proposed.

2.2 Incident energy flux and boundary conditions
The profile on any horizontal cross section for an
electron beam is a Gaussian distribution. This was
confirmed by Hicken et al. [25] by measuring
distributions of incident fluxes at vertical distances that
deviated from the focal spot of an electron beam.
Therefore the energy flux of electron beam can be
described by

x
qj =
Fig.1 Schematic diagram of physical model and
coordinate system
For welding with a moving heat source the
geometry becomes slightly asymmetric [20]. The cavity,
however, can be roughly observed to be a paraboloid of
revolution near the cavity base [21,22], especially for a
deep and narrow cavity. Hence, the cavity is idealized
by a paraboloid of revolution and a curvilinear

ξηφ

orthogonal parabolic coordinate
system can be
used effectively. Introducing the following transforms

x=
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where 3 is selected to assure 95 percent of incident
energy located within the energy-distribution radius.
Energy losses due to evaporation can be neglected by
comparison with incident beam energy and it is assumed
that the incident energy flux is totally absorbed by the
cavity. An energy balance between incident flux and
conduction on the cavity wall ( η = η 0 ) then yields
∂Θ Θ ξ
−
cos φ
∂η 2 η

=
η =η 0

− 3Q S
exp( ξη 0 cos φ
πPe

(9)

12ξη 0
−
)
Pe2

where the dimensionless beam power Q is defined as
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Qˆ / kˆl σˆ (Tˆm − Tˆ∞ ) . The second term on the left-hand
side of equation (9) is ignored because no error occurs
at a location of either an angle of π/2 or the cavity base
where the incident flux is the highest. Although errors
increase as the workpiece surface is approached,
temperatures predicted are still acceptable. The reason
for this is that energies impinging on this region have a
large incident angle so that the intensity is reduced. It is
also assumed to be negligible for heat loss to ambient
air on the workpiece surface outside the cavity.
Therefore, the adiabatic condition is employed on the
workpiece surface. The dimensionless temperature Θ
is finite at the cavity base ( ξ = 0 ) and at η → ∞ . Local
thermodynamic equilibrium is assumed at the base of
the cavity. The momentum balance between the vapor
pressure and pressure due to surface tension at the
cavity base is required to determine the coordinate η 0
of the cavity surface [26]. This yields

implemented into this thermal model. The momentum
balance at cavity base is used to determine the cavity
depth. The effects of Peclet number, parameter
approximating convection and beam power on
temperature field were investigated.
The predicted beam power per unit of penetration
versus solid Peclet number for welding workpiece of SS
304 is shown in figure 2 and agrees with experimental
data obtained by Hicken et al. [25]. Figure 2 also
indicates that the beam power per unit of penetration
increases as the moving speed for workpiece or an
electron beam becomes fast or the liquid-to-solid
diffusivity ratio (Λ) decreases.

100
MEASURED BY HICKEN ET AL (1991)
CALCULATED BY THIS WORK ( =1)
CALCULATED BY THIS WORK ( =.8)
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e
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where θ B and θ b , respectively, represent the
dimensionless temperature at cavity base and boiling.
Other dimensionless parameters in equation (10) are
difined as

Y=

(Tˆm − Tˆ∞ )dγˆ / dTˆ
γˆm

(11)

P=

pˆ bσˆ
γˆm

(12)

H=

0.1

hˆlg

(13)

Rˆ (Tˆm − Tˆ∞ )

p̂b is the vapor pressure at boiling and is evaluated
by the Clausius-Clapeyron equation. γˆ is surface
tension and is assumed to be a linearly decreasing
function of temperature. When the temperature arrives
at the melting point, γˆ is equal to γˆ . hˆ is the latent
m

lg

heat of evaporation and Rˆ is gas constant.

3. Results and discussion
This paper provided an analytical model to predict
the temperature field of an electron beam irradiating on
a semi-infinite workpiece. The cavity shape is assumed
to be a paraboloid of revolution. This model was
formulated in a parabolic coordinate system attached to
a workpiece moving with constant speed and therefore,
can be considered as a quasi-steady-state problem. In
order to account for the enhanced diffusivity in the flow
or approximately vertical direction, the S was
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Fig.2 Variation of the predicted and measured beam
power per unit of penetration with solid Peclet number
for different liquid-to-solid diffusivity ratios.
The isothermal lines in heat-affected zone for
Pe=0.25, S=0.08, and Q=60 are sketched in figure 3.
The paraboloid of revolution-shaped cavity is also
shown in this figure. The dimensionless temperatures
greater and lower than one indicate fusion zone and
solidification zone, respectively. Based on the direction
of cavity movement, fusion zone is smaller ahead of the
cavity (+x) than behind the cavity (-x). The bottom of
fusion zone deviates the z axis due to the moving
workpiece or electron-beam. The isothermal lines near
workpeice surface expand toward outside. This is
consistent with the observed phenomenon.
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An analytical model is proposed to demonstrate the
effects of Peclet number, parameter approximating
convection and beam power on temperature field. The
predicted beam power per unit of penetration versus
solid Peclet number for welding workpiece of SS 304
agrees with experimental data. The slow velocity of
movement, large parameter approximating convection
and high beam power give rise to deep cavity and fusion
zone. The influence of beam power on temperature field
is most obvious among them.
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Fig.3 Isothermal line in heat-affected zone for Pe=0.25,
S=0.08, and Q=60.
Figure 4 shows isothermal lines in heat-affected
zone for Pe=0.125, S=0.08, and Q=60. Compared with
figure 3, the moving velocity of workpiece or
electron-beam is slower in figure 4 which indicates the
deeper cavity and fusion zone. The size differences of
fusion zones between ahead of cavity and behind cavity
decrease due to the slowly moving velocity. The
deviations from z axis for the bottom of fusion zone and
the fusion zone at workpiece surface are also reduced in
the same reason.
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Fig. 4 Isothermal line in heat-affected zone for
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電子束銲接期間熔區內溫度分佈
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摘要

發展解析模式研究電子束銲接期間熔區內熱傳。
假設銲接穴為拋物型的旋轉體且電子束為高斯形式
的強度分佈。為獲得解析解，利用拋物座標分析工件
內的熱傳及提議近似對流參數說明熔融金屬的熱對
流效應。考慮加工穴底部動量平衡但忽略電漿吸收，
半無窮大工件之準穩態熱傳導方程式因此被獲得。對
於電子束銲接 SS304，本工作預測出的每單位滲透深
度對應之固體皮克數與實驗數據一致。本研究亦討論
皮克數、近似對流參數及能量束功率對溫度分佈的影
響。

關鍵字 : 電子束、銲接、溫度
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